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We show that a two dimensional �-adic representation of the 
absolute Galois group of a number field which is locally poten-
tially equivalent to a GL(2)-�-adic representation ρ at a set of 
places of K of positive upper density is potentially equivalent 
to ρ.
As an application, for E1 and E2 defined over a number 
field K, with at least one of them without complex multiplica-
tion, we prove that the set of places v of K of good reduction 
such that the corresponding Frobenius fields are equal has 
positive upper density if and only if E1 and E2 are isogenous 
over some extension of K.
For an elliptic curve E defined over a number field K, we show 
that the set of finite places of K such that the Frobenius field 
F (E, v) at v equals a fixed imaginary quadratic field F has 
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positive upper density if and only if E has complex multipli-
cation by F .

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Let K be a global field and GK := Gal(K̄/K) denote the absolute Galois group 
over K of a separable closure K̄ of K. Let ΣK denote the set of finite places of K. For 
any place v of K, let Kv denote the completion of K at v, and GKv

the corresponding 
local Galois group. Choosing a place w of K̄ lying above v, allows us to identity GKv

with the decomposition subgroup Dw of GK . As w varies this gives a conjugacy class of 
subgroups of GK .

Let � be a rational prime not equal to the characteristic of K and let F be a �-adic 
local field of characteristic zero. Suppose ρ : GK → GLn(F ) is a continuous semisimple 
representation of GK . We will assume that ρ is unramified outside a finite set of places 
of K. At a finite place v of K where ρ is unramified, let σv denote the Frobenius conjugacy 
class in the quotient group GK/Ker(ρ). By an abuse of notation, we will also continue to 
denote by σv an element in the associated conjugacy class. Define the localization (or the 
local component) ρv of ρ at v, to be the representation of GKv

obtained by restricting ρ

to a decomposition subgroup at v. This is well defined up to isomorphism.
Define two representations r1 and r2 of a group Γ to be potentially equivalent, if there 

exists a subgroup Γ′ of finite index in Γ such that r1 |Γ′� r2 |Γ′ . Suppose ρ1 and ρ2
are representations of GK as above. Then ρ1 and ρ2 are said to be locally potentially 
equivalent at v, if their localizations ρ1,v and ρ2,v are potentially equivalent.

Let v be a place of K at which both ρ1 and ρ2 are unramified. If ρ1 and ρ2 are locally 
potentially equivalent at v, then there exists a natural number kv such that the conjugacy 
classes ρ1(σv)kv and ρ2(σv)kv are equal in GLn(F ), i.e., the eigenvalues of ρ1(σv) and 
ρ2(σv) differ by roots of unity.

Define the algebraic monodromy group G attached to ρ to be the smallest algebraic 
subgroup G of GLn defined over F such that ρ(GK) ⊂ G(F ).

Our main theorem is to say that locally potentially equivalent (at a sufficiently large 
set of places) two dimensional Galois representations are potentially equivalent.

Theorem 1. Suppose ρi : GK → GL2(F ), i = 1, 2 are two continuous semisimple �-adic 
representations of the absolute Galois group GK of a global field K unramified outside a 
finite set of places of K, where F is a non-archimedean local field of characteristic zero 
and residue characteristic � coprime to the characteristic of K.

Suppose there exists a set T of finite places of K of positive upper density such that 
for every v ∈ T , ρ1,v and ρ2,v are potentially equivalent.

Assume that the algebraic monodromy group G1 attached to the representation ρ1 is 
isomorphic to GL2, and that the determinant characters of ρ1 and ρ2 are equal.
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Then, ρ1 and ρ2 are potentially equivalent, viz. there exists a finite extension L of K
such that

ρ1 |GL
� ρ2 |GL

.

We recall the notion of upper density: given a set S ⊂ ΣK of finite places of K, the 
upper density ud(S) of S is defined as,

ud(S) := limsupx→∞
#{v ∈ ΣK | Nv ≤ x, v ∈ S}

#{v ∈ ΣK | Nv ≤ x} .

Remark 1. Theorem 1 is a special case of Theorem 2.1 of [5]. It was pointed out by 
J.-P. Serre that the proof of Theorem 2.1 given in [5] is erroneous. The error in the 
argument occurs in line 17, page 84 of [5], where it is asserted that under the map 
x �→ xm of an algebraic group G, a connected component Gφ maps onto a connected 
component. This is not true, as can be seen by considering G to be the normalizer of 
a maximal torus in SL(2) and m = 2. Theorem 1 partially salvages this by proving a 
version of Theorem 2.1 of [5] for n = 2.

The proof of Theorem 1 uses an “analytic and algebraic continuation” of the Galois 
groups, involving specializing to appropriate elements in the algebraic Galois monodromy 
groups.

The following theorem [5, Theorem 3.1] considers the general situation for n-dimen-
sional �-adic representations, where the traces of the Frobenius conjugacy classes are 
equal at a sufficiently large set of places. This happens for instance when the Frobenius 
conjugacy classes differ by a root of unity. It will be used to prove Theorem 1, in the 
special case when the eigenvalues of ρ1(σv) and ρ2(σv) at v ∈ T differ by {±1}. The 
proof of this theorem was given as a consequence of [5, Theorem 2.1]. Since there is a 
gap in the proof of [5, Theorem 2.1], here we give a proof removing the dependence on 
[5, Theorem 2.1].

Theorem 2. Suppose ρi : GK → GLn(F ), i = 1, 2 are two continuous semisimple �-adic 
representations of the absolute Galois group GK of a global field K unramified outside a 
finite set of places of K, where F is a non-archimedean local field of characteristic zero 
and residue characteristic � coprime to the characteristic of K.

Assume that there exists a set T of finite places of K not containing the ramified 
places of ρ1 ×ρ2 and the places of K lying above �, such that for every v ∈ T , there exist
non-zero integers mv > 0 satisfying the following:

(χρ1(σv))mv = (χρ2(σv))mv ,

where χρ1(σv) (resp. χρ1(σv)) is the trace of the image of the Frobenius conjugacy class 
ρ1(σv) (resp. ρ2(σv)).
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Suppose the upper density ud(T ) of T is positive, and the Zariski closure of ρ1(GK)
is a connected algebraic group.

Then, ρ1 and ρ2 are potentially equivalent, viz. there exists a finite extension L of K
such that

ρ1 |GL
� ρ2 |GL

.

1.1. Frobenius fields of elliptic curves

Let E be an elliptic curve defined over a number field K. The Galois group GK acts in 
a natural manner on E(K̄). For a rational prime �, the Tate module T�(E) := lim←−−n

E[�n]
is the GK-module obtained as a projective limit of the GK-modules E[�n] of �n-torsion 
points of E over K̄. Let V�(E) = T�(E) ⊗Zl

Ql. The Tate module is of rank 2 over the 
ring of �-adic integers Z�, and we have a continuous �-adic representation ρE,� : GK →
GL2(Q�).

Let Σr ⊂ ΣK be a finite set of places containing the finite places of bad reduction for E. 
The Galois module V�(E) is unramified at the finite places of K outside Σr,� = Σr∪{v|�}. 
The representations ρ� form a compatible system of �-adic representations, in that the 
characteristic polynomial φv(t) of ρ�(σv) is independent of � and its coefficients are 
integral. Thus, φv(t) := t2−av(E)t +Nv, with av(E), Nv ∈ Z. Here, Nv is the cardinality 
of the residue field kv := OK/pv, where OK is the ring of integers of K, and pv is the 
prime ideal of OK corresponding to v.

Define the Frobenius field F (E, v) of E at v as the splitting field of φv(t) over Q. 
Thus, F (E, v) = Q(πv) = Q(

√
av(E)2 − 4Nv), where πv is a root of φv(t). The Hasse 

bound |av(E)| ≤ 2
√

Nv implies that F (E, v) is either Q or an imaginary quadratic field.
Let F be an imaginary quadratic field. The elliptic curve E is said to have complex 

multiplication by F , if there is an embedding of F in EndK̄(E) ⊗Q. The elliptic curve E is 
said to have complex multiplication (CM), if E admits CM by some imaginary quadratic 
field F .

As an application of and motivation for the Theorem 1, we have the following 
multiplicity-one type theorem under the assumption that the set of places v for which 
the Frobenius fields coincide has positive upper density.

Theorem 3. Let E1 and E2 be two elliptic curves over a number field K. Let Σr be a finite 
subset of the set ΣK of finite places of K containing the places of bad reduction of E1
and E2. Assume that at least one of the elliptic curves is without complex multiplication. 
Let

S(E1, E2) := {v ∈ ΣK \ Σr | F (E1, v) = F (E2, v)}.

Then, E1 and E2 are isogenous over a finite extension of K if and only if S(E1, E2) has 
positive upper density.
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Remark 2. In [4], Lang and Trotter made a conjecture about the asymptotic behaviour of 
the set of places v for which the associated Frobenius field is a given imaginary quadratic 
field F . Analogously it would be interesting to know about the asymptotic behaviour 
of the set of places v for which the Frobenius fields of two non-isogenous elliptic curves 
coincide. In fact, based on heuristic arguments, the following conjecture is suggested on 
page 38 [4] for non-CM elliptic curves over the field of rational numbers.

Conjecture 1. Let E1 and E2 be two elliptic curves over the rationals without complex 
multiplication. Then, E1 is not potentially isogenous to E2 if and only if

S(x,E1, E2) := #{p ≤ x | F (E1, p) = F (E2, p)} = O(
√
x/ log x).

Conjecture 1 does not seem to have been studied in the literature. Theorem 3 provides 
a certain non-numerical answer to this conjecture.

Remark 3. In [1], an algorithm is presented to decide when two Abelian varieties are 
isogenous, and also to detect elliptic curves with CM.

Using Theorem 3, we prove:

Theorem 4. Let E be an elliptic curve over a number field K. Let F be an imaginary 
quadratic field. Let Σr be a finite subset of the set ΣK containing the places of bad 
reduction of E. Let S(E, F ) := {v ∈ ΣK \ Σr | F (E, v) = F}. Then, S(E, F ) has 
positive upper density if and only if E has complex multiplication by F .

As a consequence, we prove:

Corollary 1. Let E be an elliptic curve over a number field K. Let F (E) be the composi-
tum of the Frobenius fields F (E, v) as v varies over places of good ordinary reduction 
for E. Then, F (E) is a number field if and only if E is an elliptic curve with complex 
multiplication.

Corollary 1 also follows from a set of exercises in Serre’s book [10, Chapter IV, 
pages 13–14]. Thus, Theorem 4 can be considered as a strengthening of this corollary.

Remark 4. Theorem 4 as above is related to the Theorem 1 in [3], which in turn also 
seems to be motivated by observations by J.-P. Serre as mentioned above. Theorem 4
seems to be stronger but less general than Theorem 1 in [3]. We thank D. Rohrlich for 
pointing this out and providing a reference to [3].

2. Proof of Theorem 2

In this section, we give a proof of Theorem 2. The argument is essentially the one 
given in [5], but we remove the dependence on [5, Theorem 2.1].
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2.1. An algebraic Chebotarev density theorem

We recall an algebraic version of the Chebotarev density theorem of [6], see also [9]. 
Here F stands for a non-archimedean local field of characteristic 0.

Theorem 5. (See [6, Theorem 3].) Let M be an algebraic group defined over F . Suppose

ρ : GK → M(F )

is a continuous representation unramified outside a finite set of places of K. Let G be 
the Zariski closure inside M of the image ρ(GK), and G0 be the connected component 
of identity of G. Let Φ = G/G0 be the group of connected components of G.

Suppose X is a closed subscheme of M defined over F and stable under the adjoint 
action of M on itself. Let

C := X(F ) ∩ ρ(GK).

Let Σu denote the set of finite places of K at which ρ is unramified, and ρ(σv) denote 
the Frobenius conjugacy class in M(F ) for v ∈ Σu. Then the set

S := {v ∈ Σu | ρ(σv) ⊂ C}

has a density given by

d(S) = |Ψ|
|Φ| ,

where Ψ is the set of those φ ∈ Φ such that the corresponding connected component Gφ

of G is contained in X.

2.2. Proof of Theorem 2

If χρ1(σv) vanishes, then the hypothesis holds for any integer mv. On the other hand, 
if χρ1(σv) is non-zero, then χρ1(σv) and χρ2(σv) differ by a root of unity belonging to F . 
Since the group of roots of unity in the non-archimedean local field F is finite, there is 
an integer m independent of v, such that for v ∈ T ,

χρ1(σv)m = χρ2(σv)m

Let

Xm := {(g1, g2) ∈ GLn × GLn | Trace(g1)m = Trace(g2)m }.

Xm is a Zariski closed subvariety of GLn×GLn invariant under conjugation. Let G (resp. 
G1) be the Zariski closure in GLn ×GLn (resp. GLn) of the image (ρ1 × ρ2)(GK) (resp. 
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ρ1(GK)). By Theorem 5, the density condition on T implies the existence of a connected 
component Gφ of G contained inside Xm.

Let L be some finite extension of K such that the image (ρ1×ρ2)(GL) is Zariski dense 
in the connected component G0 of identity in G. Since G1 is assumed to be connected, 
the subgroup ρ1(GL), of finite index in ρ1(GK), continues to be Zariski dense in G1. 
It follows that the projection map from any connected component Gψ of G to G1 is 
surjective. In particular, there is an element of the form (1, y) ∈ Gφ(F ).

We now work over complex numbers. Fix an embedding of F in C, and consider the 
algebraic group G and the variety Xm over C. Let J be a maximal compact subgroup 
of G(C), which we can take it to be of the form J = (U(n) ×U(n)) ∩G(C), where U(n)
is the unitary group corresponding to a standard hermitian form in n-variables. Since G
is reductive, there is a bijection between the connected components of J and G, where 
we let Jψ = J ∩ Gψ be the connected component of J corresponding to the connected 
component Gψ of G. We can assume that there is an element of the form (1, y) ∈ Jφ∩Xm.

Now there is only one element in an unitary group U(n) with trace n and it is the 
identity matrix. Hence, any element in the unitary group U(n) having n as the absolute 
value of its trace is a scalar matrix ζIn with |ζ| = 1. Since (1, y) ∈ Xm, we conclude that 
y is of the form ζ0In, for some m-th root of unity ζ0.

Hence the connected component Gφ = G0(1, ζ0In). In particular, every element 
(u1, u2) ∈ G0, can be written as

(u1, u2) = (z1, ζ
−1
0 z2),

where (z1, z2) ∈ Gφ ∩Xm. Since ζ0 is a m-th root of unity, we have

Trace(u1)m = Trace(z1)m = Trace(z2)m = Trace(ζ−1z2)m = Trace(u2)m.

Hence G0 ⊂ Xm. Let pi, i = 1, 2 be the two projections from G0 to GL(n). The 
statement G0 ⊂ Xm can be reformulated as saying that

χm
p1

= χm
p2
,

restricted to G0, where χp1 and χp2 are the characters associated to p1 and p2 respec-
tively.

We now argue as in [7]. The characters χp1 and χp2 differ by an m-th root of unity. 
Since the characters are equal at identity, they are equal on a connected neighbourhood 
of identity in G0. Since a neighbourhood of identity is Zariski dense in a connected 
algebraic group, and the characters are regular functions on the group, it follows that 
the characters are equal on G0. Thus it follows that the representations p1 and p2 of G0

are equivalent.
Since ρi = pi ◦ ρ for i = 1, 2, the representations ρ1 |L and ρ2 |L are equivalent. This 

proves that ρ1 and ρ2 are potentially equivalent.
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3. Proof of Theorem 1

In this section we give a proof of Theorem 1. We start with the following lemma about 
semi-simple algebraic groups.

3.1. A lemma on algebraic groups

Lemma 6. Let G be a connected reductive algebraic group defined over a field F of char-
acteristic zero. Let p : G → GL2 be a surjective homomorphism defined over F . Then, 
p(G(F )) contains SL2(F ).

Proof. The induced map p from the derived group Gd of G to the derived subgroup SL2
of GL2 is a surjective homomorphism defined over F .

Since Gd is a connected semi-simple algebraic group over F , there exists a surjec-
tive homomorphism 

∏
i Gi → Gd with finite kernel defined over F , where each Gi is a 

connected, simply connected, simple algebraic group defined over F [2, Theorem 22.10].
This gives a surjective homomorphism ψ from 

∏
i Gi to SL2 over F . Since SL2 is 

simple, it follows that for each i, ψ|Gi
: Gi → SL2 is either trivial or an isogeny of 

algebraic groups. In the latter case, Gi is either a form of SL2 or PSL2. Since SL2 is 
simply connected, Gi is in fact a form of SL2 over F . In other words, the induced map 
ψ : Gi → SL2 is an isomorphism over F̄ . However, since ψ is defined over F itself, this 
proves that ψ : Gi → SL2 is an isomorphism over F , proving the lemma. �
3.2. An arithmetic lemma

Lemma 7. Let F be a non-archimedean local field of characteristic zero and residue 
characteristic l. Suppose d, a are non-zero elements in the ring of integers O of F . Then 
there exists x ∈ F such that d − ax2 is not a square in F .

Proof. Suppose d − ax2 is a square in F for any value of x ∈ F . Specializing x = 0 it 
follows that d = b2 for some b = 0 ∈ F . Writing x = y/z with z = 0, we get

b2 − ax2 = ((bz)2 − ay2)/z2.

It follows that the homogeneous form z2 − ay2 is a square in F for any y, z ∈ F, z = 0.
The form z2 − ay2 can be considered as the norm form from the quadratic algebra 

F (
√
a) to F . From the multiplicativity of norms,

(z2
1 − ay2

1)(z2
2 − ay2

2) = (z1z2 + ay1y2)2 − a(z1y2 + z2y1)2

it follows upon equating z1z2 + ay1y2 = 0, that −a is a square in F . The form z2 − ay2

is equivalent to the norm form z2 + y2 from the quadratic algebra F (
√
−1) to F , and is 

a square in F for any z, y ∈ F .
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If 
√
−1 ∈ F , then F (

√
−1) � F × F , and the norm form is equivalent to the product 

form (z, y) �→ zy, and is surjective onto F . This implies that every element of F is a 
square, and yields a contradiction.

If 
√
−1 /∈ F , then the image of the non-zero elements of the field F (

√
−1) by the 

norm map is a subgroup of index 2 in F ∗ by local class field theory. The hypothesis 
implies that this is contained in the group (F ∗)2 which is of index at least 4 since F is a 
non-archimedean, local field of characteristic zero. This is a contradiction and establishes 
the lemma. �
3.3. A lemma on traces

Lemma 8. Let F be any field and A ∈ GL2(F ). Then any element of F is the trace of a 
matrix of the form AX with X ∈ SL2(F ).

Proof. Up to multiplying by a unimodular matrix, A can be assumed to be a diagonal 

matrix with diagonal entries a and 1. If we take X =
(

0 y

z w

)
, with yz = −1, then the 

trace of AX is w. Hence the lemma. �
3.4. Proof of Theorem 1

The non-semisimple elements in GL2 are contained inside a proper Zariski closed set 
given by the vanishing of the discriminant of its characteristic polynomial. By Theorem 5, 
it follows that at a set of places of density one, the Frobenius conjugacy classes ρ1(σv)
are semisimple. In particular, we can assume by going to a subset of T (denoted again 
by T ) with the same upper density, that for v ∈ T , ρ1(σv) is semisimple.

The eigenvalues of ρ1(σv) and ρ2(σv) lie in quadratic extensions of F , say F1(v) and 
respectively, F2(v). Let F (v) be the compositum of F1(v) and F2(v). Thus F (v) is a 
Galois extension of F and contained in a biquadratic extension of F .

By hypothesis, at a place v ∈ T , ρ1(σv)nv = ρ2(σv)nv .
For v ∈ T , let π1,v, π′

1,v and π2,v, π′
2,v be respectively the roots of the characteristic 

polynomials of ρ1(σv) and ρ2(σv). Up to reordering, we have π2,v = uπ1,v and π′
2,v =

u′π′
1,v for some roots of unity u, u′ ∈ F (v).
Since there are only finitely many quadratic extensions of F , the collection of fields 

F (v) as v varies lie in a fixed local field F ′. In particular, the group of roots of unity μF ′

belonging to F ′ is finite, say of order N . Thus, μF ′ = μN , the group of roots of unity of 
order N .

In order to prove Theorem 1 over F , it is sufficient to work over any finite extension 
of F . Henceforth we will assume that F contains the N -th roots of unity.

For roots of unity u, u′ ∈ μN ⊂ F , let

T (u, u′) := {v ∈ T | π2,v = uπ1,v and π′
2,v = u′π′

1,v}.
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Since, the upper density of T is positive, it follows that T (u, u′) has positive upper 
density for some u, u′ ∈ μN . We consider two cases.

3.4.1. u = u′

Let m be the order of u. In this case, we obtain

T (u, u) := {v ∈ T | (Tr(ρ1,�(σv)))m = (Tr(ρ2,�(σv)))m}.

Suppose T (u, u) has positive upper density. It follows from Theorem 2 that ρ1 and ρ2
are potentially equivalent.

3.4.2. u = u′

We show in this case, that the set of places T (u, u′) is of density zero. We have,
(

1 1
u u′

)(
π1,v
π′

1,v

)
=

(
t1
t2

)
,

where t1 := Tr(ρ1(σv)) and t2 := Tr(ρ2(σv)). The determinant of this matrix is u′−u =
0, and we get:

π1,v = u′t1 − t2
u′ − u

π′
1,v = −ut1 + t2

u′ − u

Substituting into the equation

π1,vπ
′
1,v = det(ρ1(σv)) = det(ρ2(σv))

and simplifying, we get

−t21 − t22 + (u + u′)t1t2 = (u− u′)2d, (1)

where d := det(ρ1(σv)) = det(ρ2(σv)), since we have assumed that the determinant 
characters are equal. The equality of determinants also implies that uu′ = 1.

The above equation simplifies to

t21 + t22 − at1t2 = bd, (2)

where a = (u + u′) ∈ F and b = −(u − u′)2 = 0 ∈ F .
Let ρ = ρ1 × ρ2 : GK → GL2(F ) × GL2(F ) be the product representation and G be 

the algebraic monodromy group corresponding to ρ. Since ρ(GK) ⊂ GL2(F ) × GL2(F )
is Zariski dense in G, the connected components of G, being Zariski open subsets in G, 
are rational over F .
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Let Xu be the subvariety of GL2×GL2 defined by Equation (2); it is a closed, invariant 
subvariety of GL2 × GL2.

Suppose that the set of places T (u, u′) has positive upper density. By Theorem 5, there 
exists a connected component Gφ that is contained in Xu. Since Gφ is rational over F , 
its set of rational points Gφ(F ) = (A, B)G0(F ), for some matrices A, B ∈ GL2(F ).

By Lemma 6, the image of the induced map from G0(F ) to GL2(F ) by the first 
projection contains SL2(F ). Hence the image of Gφ(F ) with respect to the first projection 
contains the translate ASL2(F ) of SL2(F ). By Lemma 8, the element t1 ∈ F can be an 
arbitrary element of F .

Hence, Equation (2) continues to have rational solutions t2 ∈ F for any element t1 ∈ F . 
Considering Equation (2) as a quadratic equation in t2, it follows that the discriminant

(at1)2 − 4(t21 − bd) = 4bd + (a2 − 4)t21

takes square values in F for any t1 ∈ F . Here 4bd = 0. Now a = u + u′ is a sum of roots 
of unity and u = u′. By embedding F inside C, we conclude that a2 = 4.

By Lemma 7, it is not possible that the polynomial 4bd +(a2−4)t21 takes square values 
for all t1 ∈ F . This yields a contradiction, and hence we conclude that there is no such 
connected component Gφ contained inside Xu. But then the upper density of T (u, u′) is 
zero. This proves Theorem 1. �
Remark 5. The proofs of both Theorems 2 and 1, work with the algebraic monodromy 
group associated to the Galois representations, and then specializing to certain elements 
in the group to obtain extra information. In a sense, this argument can be thought of as 
a proof involving analytic continuation of Galois monodromy.

4. Proof of Theorem 3

In this section we prove Theorem 3. We first recall some facts about ordinary and 
supersingular elliptic curves over finite fields.

4.1. Ordinary and supersingular reduction

Let E be an elliptic curve over a finite field k with q = pn elements. The curve E is 
said to be supersingular if the group E[pr](k̄) of pr-torsion points is {0}, and is defined 
to be ordinary otherwise [11, Chapter V, Section 3]. It is known that E being ordinary 
is equivalent to a(E, k) being nonzero and coprime to p. The Weil bound implies that 
F (E, k) is either Q or an imaginary quadratic field.

Define the Frobenius field F (E, k) of E over k as the splitting field of the characteristic 
polynomial of the Frobenius endomorphism x �→ xq of E acting on V�(E). We gather 
some well known facts relating certain properties of the Frobenius field attached to an 
elliptic curve to it being an ordinary elliptic curve [11, Chapter V, Section 3], [12]:
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Proposition 1. Let E be an elliptic curve over a finite field k with q = pn elements.

1. If E is ordinary, then F (E, k) is an imaginary quadratic field in which p splits 
completely. Further, F (E, k) = End(E) ⊗Q.

2. If E is supersingular over Fp and p ≥ 5, then a(E, Fp) = 0. Hence, F (E, Fp) =
Q(

√−p) and p ramifies in Q(
√−p).

4.2. Image of Galois

In [10,8], Serre initiated the study of the image ρE,�(GK) of the Galois group and 
proved the following theorem:

Theorem 9 (Serre). Let E be an elliptic curve over a number field K. Let � be a prime. 
Let ρE,� be the Galois representation attached to E. Let G be the Zariski closure in 
GL2 over Q� of the image of the Galois group ρE,�(GK). If E does not have complex 
multiplication, then G = GL2.

Given a number field K, the set of finite places of K of degree one over Q is of density 
one. Hence in working with a set of places of positive upper density, we can restrict to 
the subset of places of degree 1 over Q. We have the following proposition due to Serre 
[10, Chapter IV, Exercises, pages 13–14]:

Corollary 2. Let E be an elliptic curve over a number field K without complex multipli-
cation. Then, the set of places v ∈ ΣK such that E has supersingular reduction at v has 
upper density 0.

Proof. Since E does not have CM, the Zariski closure of the image of Galois is GL2. At 
a place v of degree one over Q having supersingular reduction for E, av(E) = 0 provided 
Nv = p ≥ 5. Since the set X = {g ∈ GL2 | Trace(g) = 0} is a proper closed conjugation 
invariant subset of GL2, the proposition follows from Theorem 5. �
4.3. Proof of Theorem 3

Suppose E1 and E2 are isogenous over a finite extension L of K. Consider the curves 
over L. For any place w of L where both the elliptic curves have good reduction, the 
reduced curves E1,w and E2,w are isogenous. Hence the characteristic polynomials of the 
Frobenius conjugacy classes are equal and their associated Frobenius fields F (E1, w) and 
F (E2, w) are isomorphic.

If w is a place of L of degree one over K, then E1,w is isomorphic to E1,v and hence 
they have the same Frobenius fields. This holds for E2 as well. Since the set of places v
of K for which there exists a place w of L of degree one over K is of positive density 
in K, it follows that S(E1, E2) has positive density and hence positive upper density.
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We now prove the converse. Suppose that the upper density of S := S(E1, E2) is 
positive. Since E1 is without complex multiplication, by Proposition 2, the set of places 
v ∈ ΣK such that E1v is ordinary has density 1. Let

S1 := {v ∈ S | E1,v is ordinary and degQ(v) = 1}.

Thus, ud(S1) = ud(S) > 0.
By Proposition 1, E has good ordinary reduction at v if and only if F (E, v) is an 

imaginary quadratic field and pv splits in F (E, v), where pv is the prime of Q that lies 
below v. This implies that pv splits in F (v) = F (E1, v) = F (E2, v). Consequently, every 
v ∈ S1 is a place of good ordinary reduction for both E1 and E2.

For v ∈ S1, let π1,v, π1,v and π2,v, π2,v be respectively the roots of the characteristic 
polynomials φv(E1, t) and φv(E2, t). Thus,

π1,vπ1,v = π2,vπ2,v = pv

As ideals of F (v) := F (E1, v) = F (E2, v), we have:

(π1,v)(π1,v) = (π2,v)(π2,v) = (pv).

By unique factorization theorem for ideals, it follows that π1,v = uπ2,v or π1,v = uπ2,v, 
where u depends on v ∈ S1 and is a unit of F (v). Renaming if needed, one can assume 
that

π1,v = uπ2,v. (3)

Since the units in F (v) are roots of unity, it follows that the representations ρE1,� and 
ρE2,� are locally potentially equivalent:

ρE1,�(σv)12 = ρE2,�(σv)12, (4)

for v ∈ S1.
Since E1 is assumed to be non-CM, by Theorem 9, the Galois monodromy group 

G1 = GL2. Hence by Theorem 1, the representations ρE1,� and ρE2,� are potentially 
equivalent.

By Faltings’ theorem, it follows that E1 and E2 are isogenous over a finite extension 
of K. This proves Theorem 3. �
Remark 6. In the above theorem, it is necessary to assume that at least one of the elliptic 
curves is without complex multiplication and can be seen as follows:

Suppose v is a prime of K of degree one over a rational prime p ≥ 5, at which an elliptic 
curve E has good supersingular reduction. The Frobenius field F (E, v) is Q(

√−p). Let 
F1 and F2 be non-isomorphic imaginary quadratic fields of class number one. Let E1 and 
E2 be CM elliptic curves over Q with complex multiplication by F1 and F2 respectively. 
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At the set of primes p of Q of good reduction for E1 and E2, and such that p is inert 
in both F1 and F2, the curves E1 and E2 have supersingular reduction. Hence there is a 
set of places of positive density (in fact having density 1

4 ) at which the Frobenius fields 
are isomorphic, but E1 and E2 are non-isogenous.

Remark 7. It can be seen that we can modify and prove the theorem under the assumption 
that the upper density of the set of finite places v of K for which both the elliptic curves 
have good ordinary reduction at v is positive.

5. Proof of Theorem 4

Suppose E has complex multiplication by an imaginary quadratic field F . We want 
to show that the set S(E, F ) := {v ∈ ΣK | F (E, v) = F} has positive upper density.

Let v be a place of K of good reduction for E with CM by F . From Proposition 1, 
the following can be seen to be equivalent:

1. E has ordinary reduction modulo v.
2. F (E, v) = F .
3. pv splits in F , where pv denotes the rational prime of Q that lies below v.

Let L be the compositum of K and F . Let Spl(L/Q) be the set of all primes p that 
split completely in L. Let

S := {v ∈ ΣK | v lies over p ∈ Spl(L/Q)}.

Thus, for a finite place v ∈ S, deg v is 1. Since every prime p ∈ Spl(L/Q) also splits in F , 
it follows that F (E, v) = F for v ∈ S. By the very construction, S ⊆ S(E, F ). Since 
every place v ∈ S is of degree 1 and lies over the primes of Spl(L/Q),

ud(S(E,F )) ≥ ud(S) ≥ ud(Spl(L/Q)) = 1
[L : Q] > 0.

In the converse direction, we want to prove that if for some imaginary quadratic 
field F , ud(S(E, F )) > 0, then E has complex multiplication by F . Without affecting 
the density, we will assume that the places in S(E, F ) are of degree one over Q with 
residue characteristic at least 5.

Case 1: Suppose E has complex multiplication by an imaginary quadratic field F ′ =
Q(

√
−d). We want to prove that F ′ = F . Let S = S(E, F ). We can assume after 

removing a finite set of places from S that for v ∈ S, E has good reduction modulo v
and pv is not ramified in F ′.

Suppose pv is inert in F ′. By Proposition 1, E has supersingular reduction modulo v
and F (E, v) = Q(

√−pv) = F . The set of such v is finite.
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Hence for some v ∈ S, pv splits in F ′. This implies that the Frobenius field at v equals 
the CM field, i.e. F (E, v) = F ′. On the other hand, since v ∈ S = S(E, F ), we have 
F (E, v) = F . This proves F = F ′.

Case 2: Let us now consider the case when E is an elliptic curve over K without complex 
multiplication. The idea is to construct an elliptic curve, say E′, over a suitable number 
field with complex multiplication by F and to apply Theorem 3 to prove that E and E′

are isogenous over some extension of K.

Let OF be the ring of integers of F . Let E′ be the elliptic curve over C such that 
E′(C) � C/OF . The theory of complex multiplication implies that E′ is defined over 
H := H(F ), the Hilbert class field of F . Let L := HK be the compositum of H and K.

We wish to apply Theorem 3 to the two elliptic curves E and E′ considered as elliptic 
curves defined over L. Thus, we need to prove that the set of places w of L such that 
F (E, w) = F (E′, w) has positive upper density.

Let us denote by SK the set of degree 1 places v ∈ S(E, F ) ⊆ ΣK . Then, ud(SK) =
ud(S(E, F )). Let SQ be the set of primes pv of ΣQ that lie below the places of v ∈ SK . 
Then ud(SQ) is also positive.

Let p ∈ SQ and let v be a place of K that lies above p = pv. By construction, the 
Frobenius field at v equals Q(πv) = F . Since, πvπv = Nv = p = pv, the primes p ∈ SQ

split in F .
Let SF be the set of places of F that lie over the set of places of SQ. Then SF :=⋃

v∈SK
{(πv), (πv)}. Thus, ud(SF ) is positive.

The prime ideals of SF are principal. By class field theory, they split completely in 
the Hilbert class field H of F . This implies that the primes p ∈ SQ split completely in H.

Let SL be the set of primes of L that lie above SK . Let w ∈ SL be a place above 
v ∈ SK . Since pv splits completely in H, it is easy to see that the prime v of K splits 
completely in L. This implies that deg(w) = deg(v) = 1, implying ud(SL) > 0.

By considering E as an elliptic curve over L, it follows that F (E, w) = F (E, v) = F

where w ∈ SL and v ∈ SK that lies below w. Similarly, we have F (E′, w) = F .
Applying Theorem 3 to E and E′ considered as elliptic curves over L, it follows that 

E and E′ are isogenous over some finite extension of L, proving the theorem. �
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