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We study a new local–global problem in the context of Abelian varieties: Given an ab-

solutely simple Abelian variety over a number field K, find a necessary and sufficient

condition for the existence of a place v of K (or infinitely many places, or a set of places of

positive density) such that A remains absolutely simple modulo v. It is well known that

for absolutely simple Abelian surfaces with multiplication by an indefinite quaternion

algebra, A modulo v, denoted by Av, is always isogenous to the square of some elliptic

curve. For absolutely simple Abelian varieties of complex multiplication type, we show

that Av stays simple for a set of places of density 1. On the other hand, for absolutely

simple Abelian varieties associated by Shimura to cusp forms of weight 2, if Av splits at

a set of places of positive density, then the absolute endomorphism algebra is noncom-

mutative. Based on these results, we then formulate a conjecture: An absolutely simple

Abelian variety defined over a number field splits at a set of places of positive density if

and only if its absolute endomorphism algebra is noncommutative.

1 Introduction

The local–global principle in number theory is a basic theme in the study of arithmeti-

cal questions, by which a global arithmetical object and its structure is examined by
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means of and in comparison with its local behavior at various primes ([6]). In this paper,

we introduce and study a new local–global problem in the context of the splitting (or

factoring) of Abelian varieties. The splitting problem that we pose is as follows.

Given an absolutely simple Abelian variety over a number field K, provide a

necessary and sufficient condition for the existence of a place v of K (or infinitely many

places, or a set of places of positive density) such that A remains absolutely simple

modulo v.

In Section 2, we discuss some results on the relationship between the splitting

behavior and the endomorphism algebra.

In Section 3, we discuss Abelian varieties with complex multiplication. The main

result of this section is the following theorem.

Theorem 3.1. Let A be an absolutely simple Abelian variety of complex multiplication

type defined over a number field K such that

EndK (A) ⊗Z Q = EndK (A) ⊗Z Q � F ,

where F is a totally imaginary quadratic extension of a totally real number field and

[F : Q] = 2 dim(A). Then, for a set of places v of K of density 1, the reduction Av is also

absolutely simple over kv, the residue field of K at v. �

In Section 4, we discuss the Abelian varieties that are associated (by Shimura) to

normalized eigenforms of weight 2 for a congruence subgroup of SL2(Z). The main result

here is Theorem 4.1.

Theorem 4.1. Let f be a newform of weight 2 and level N with nebentypus character 1.

Let Af/Q (defined up to isogeny over Q) be the Abelian variety attached to f by Shimura.

Suppose that Af is absolutely simple over Q. Let S be the set of primes p at which Ãf ,

the reduction of Af modulo p, is split over Fp. If S has positive density, then End0
Q

(Af ) is

noncommutative. �

It seems to be well known that an absolutely simple Abelian surface with multi-

plication by an indefinite quaternion algebra defined over a number field has the property

that at any prime of good reduction, it is isogenous to the square of an elliptic curve over

an extension of the corresponding residue field. See, for example, [2].

Based on the above results, we briefly discuss, in Section 5, a general conjectural

answer to the splitting problem.
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Conjecture 5.1. Let A be an absolutely simple Abelian variety over a number field K. Let

S be the set of places v of K of good reduction for A such that Av := Amod v splits (up

to isogeny) over kv, the residue field of K at v. Then, S has positive density if and only if

EndK̄ (A) is noncommutative.

An exposition of some of our results is given in [10]. We also mention results of

Chai-Oort, Serre, and Chavadarov that support this conjecture. �

1.1 Notations, definitions, and preliminaries

We begin with notations, definitions, and a few important background results.

Throughout, K will denote a number field. At times, when the situation is more

general and applies to any field, we denote such fields by the letter k. By k̄, or K̄, we will

denote a separable algebraic closure of k and K, respectively. By v we mean a valuation

or a place or a prime of a global field K. The words valuation, place, or prime will be used

interchangeably. By
∑

∞ and
∑

fin, we will, respectively, mean the set of Archimedean (or

infinite) places of K and the set of all finite places of K. Here the K will be clear from the

context and will mostly be suppressed. Occasionally, we also use the letters p, ℘, or w

to denote a place of a global field. By Kv we mean the completion of K at v, and kv means

the residue field of Kv at v, or by abuse of notation, we sometimes call it, the residue

field of K at v. We also use L, F , and E to denote global fields, mostly number fields.

The letter E is also used to denote a central simple algebra with center a number field.

This notational scheme, whenever appropriate, also applies to Lv, Lw, lv, lw, Fv, fv, Ev, ev,

etc. We mostly use letters A, B for Abelian varieties, and d or g for their dimensions.

Given a number field K and a subset S of the set of finite primes of K, we use the

following notion of density of S throughout this paper.

Definition 1.1. Let S be a set of primes v in �fin. The upper natural density or in short,

upper density of S, to be denoted by ud(S) is defined by

ud(S) := lim sup
x→∞

#{v ∈ �fin | Nv ≤ x, v ∈ S}
#{v ∈ �fin | Nv ≤ x} ,

where Nv, the norm of v, is the cardinality of the finite field kv, the residue field at v. �

Let A be an Abelian variety defined over a field k. We denote by Endk(A) the ring

of endomorphisms of A which are defined over k. We also consider the corresponding

algebra over Q denoted by End0
k(A) := Endk(A) ⊗ Q. We write End(A) for Endk(A)—the ring
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of absolute endomorphisms of A. By End0(A), we will denote the corresponding algebra

of absolute endomorphisms [1]. If A and B are two Abelian varieties defined over a field

k, we write A ∼l B, if they are isogenous over an extension l of k.

With the above definitions and notations in place, we now make the following

basic definition.

Definition 1.2. An Abelian variety Adefined over a field K is said to be split—or factor—

over an extension L ⊂ K of K, if

A ∼L B1 × B2,

that is, A is isogenous to B1 × B2 over L, where B1 and B2 are Abelian varieties defined

over L, and such that dimensions of B1 and B2 are strictly smaller than the dimension

of A.

Similarly, and with notation as above, A is said to be strictly split—or strictly

factor—over L, if

A �L B1 × B2,

that is, if A is isomorphic to B1 × B2 over L. �

In what follows, we may not mention the field L if it is clear from the context.

Given an Abelian variety defined over a number field or a local field k, the re-

duction of A at a place v is the special fiber at v of a Néron minimal model of A (Serre–

Tate [21]).

Definition 1.3. Let A be an Abelian variety over a number field K. Let v be a finite place

of K of good reduction for A. Then, A is said to be split (respectively, strictly split) at v if

Av, the reduction of A modulo v, splits over a finite extension of kv (respectively over kv),

where kv is the residue field at v. When Av is strictly split at v, we also say that Av splits

over kv. �
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1.2 Tate’s theorem

The theorem that is used often in this work is the fundamental result of Tate about the

endomorphism algebras of Abelian varieties over finite fields [9, Theorem 3, p. 256]. (See

also [25, Theorem 3, p. 140] and [27].) For ease of reference, we state it below.

Theorem 1.1. Let Abe an abelian variety of dimension g defined over a finite field k0. Let

π be the Frobenius endomorphism of Arelative to k0 and P its characteristic polynomial.

We then have the following:

(a) The algebra F = Q[π ] is the center of the semisimple algebra E = End0
k0

(A);

(b) End0
k0

(A) contains a semisimple Q-subalgebra M of rank 2g which is maximal

commutative;

(c) the following statements are equivalent:

(c1) [E : Q] = 2g,

(c2) P has no multiple roots,

(c3) E = F ,

(c4) E is commutative;

(d) the following statements are equivalent:

(d1) [E : Q] = (2g)2,

(d2) P is a power of a linear polynomial,

(d3) F = Q,

(d4) E is isomorphic to the algebra of g by g matrices over the unique quater-

nion division algebra Dp over Q (p = characteristic of k0 ) which splits at all primes

l 
= p, ∞,

(d5) A is k0 isogenous to the gth power of a supersingular elliptic curve, all of

whose endomorphisms are defined over k0;

(e) A is k0-isogenous to a power of a k0-simple abelian variety if and only if P is a

power of a Q-irreducible polynomial. When this is the case, E is a central simple algebra

over F which splits at all finite primes v of F not dividing p, but does not split at any

real prime of F . �

2 Abelian Varieties with Real and Complex Multiplication

Lemma 2.1. Let A be an Abelian variety defined over a field k (k is any field). Let

E = End0
k(A) be its endomorphism algebra over k. Suppose F := Z (E ) (the center of E) is

a field, then A is isogenous to a power of a simple Abelian variety defined over k. �
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Proof. If A is simple over k, then we are done. Suppose A is not simple over k, and is

not isogenous to a power of a simple Abelian variety over k. Then, we can write

A ∼k B1 × B2,

where B1 and B2 are defined over k, and such that B1 and B2 do not share a simple Abelian

variety as a factor. This means that Homk(B1, B2) = {0}. Thus, we have

E = End0
k(A) � End0

k(B1) ⊕ End0
k(B2).

This gives,

F = Z (E ) = Z (End0
k(B1)) ⊕ Z (End0

k(B2)).

This contradicts the fact that F is a field, and that proves the lemma. �

We now state a lemma that relates the endomorphism ring of an Abelian variety

and the splitting behavior of A. The proof is left to the reader.

Lemma 2.2. Suppose A is a simple Abelian variety over a number field K. Let v be a

finite place of K of good reduction for A. Suppose that

Av ∼kv
Bn1

1 × · · · × Bnr
r ,

where the Bis are simple and pairwise nonisogenous Abelian varieties over kv and ni ≥ 1

are integers. Then, the reduction map followed by the projection to the ith factor given

by

A → Av → Bni
i

induces an injection

Pri : End0
K (A) ↪→ Mni

(
End0

kv
(Bi)

)
,

for 1 ≤ i ≤ r. �

The next proposition is crucial for our results.
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Proposition 2.1. Let A be a simple Abelian variety defined over a number field K with

multiplication by a field F , where [F : Q] = 2g, where g = dim(A). Suppose, for a finite

place v of K, Av := Amod v is split over kv, the residue field of K at v. Then,

Av ∼kv
Bn

v

for a simple Abelian variety Bv defined over kv, and n ≥ 2. �

Proof. The proposition would follow from Lemma 2.1 if we prove that the center of the

endomorphism algebra End0
kv

(Av) is a field.

By Tate’s classification theorem (1.1), we know that a maximal commutative sub-

algebra of End0
kv

(Av) has dimension 2 dim(Av) = 2g over Q. But F injects into End0
kv

(Av), and

is indeed a commutative semisimple subalgebra of End0
kv

(Av) with [F : Q] = 2g. Hence,

F is a maximal commutative semisimple subalgebra of End0
kv

(Av). Since, the center of

End0
kv

(Av) is contained in any maximal commutative semisimple subalgebra of End0
kv

(Av),

we get

Z (End0
kv

(Av)) ↪→ F .

This proves that Z (End0
kv

(Av)) is a field, and that proves the lemma. �

Remark 2.1. Note that the above proposition is true over any global field with the same

proof as above. �

Next, we consider Abelian varieties with real multiplication.

Proposition 2.2. Let A be an Abelian variety of dimension d defined over a number field

K such that

F ↪→ End0
K (A),

where F is a totally real field with [F : Q] = d = dim(A). Further, assume that the 1 ∈ F

acts on Aas the identity element of End0
K (A). Let v be a prime of good reduction of A. Also

assume that v is of degree 1 and that the underlying rational prime p does not ramify

in F . Suppose Av := Amod v is not simple over kv, the residue field of K at v. Then, the

characteristic polynomial of Av has repeated roots. �
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Proof. Note that since v is a place of degree 1, kv � Fp. By assumption, Av splits over

kv, so we may write

Av ∼Fp Bn1
1 × · · · × Bnr

r ,

where the Bi are pairwise nonisogenous simple Abelian varieties over Fp of a strictly

smaller dimension than d = dim(A).

If ni ≥ 2 for some i, then we are done. If not, then

Av ∼Fp B1 × · · · × Br, r ≥ 2.

Let Ei := End0
Fp

(Bi). Then, we have

F ↪→ End0
K (A) ↪→ End0

Fp
(Av) � ⊕i Ei.

By our assumption that the 1 ∈ F acts on Av as the identity, it follows that the map that

takes F to End0
Fp

(Av) followed by the natural projection to Ei, is an injection for all i = 1

to r. Thus under these maps,

F ↪→ Ei, ∀ i = 1, . . . , r.

Let us set Fi = Z (Ei) = center(Ei). By Tate’s theorem (1.1), it follows that

Fi = Q[π ] = Q[t ]

(Qi(t ))
,

where Qi(t ) := minBi (π , t ) is the minimal polynomial of π , the Frobenius endomorphism

relative to Fp, acting on Bi. It then follows that Pi(t ), the characteristic polynomial of π

with respect to Bi is a power of Qi(t ) for all i, with Qi(t ) irreducible over Q. If any of these

powers are greater than 2, we have a repeated root and we are done. This implies that

Pi(t ) = Qi(t ) for all i. By Tate’s theorem (1.1(c)), it then follows that Ei is commutative for

all i, and

F ↪→ Ei = Fi = Q[t ]

(Pi(t ))
.
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But, since r ≥ 2, dim(Bi) ≤ d
2 for some i, and so [Fi : Q] ≤ d. Without loss of generality,

let i = 1. Thus, we have

F = F1 = E1 � Q[t ]/(P1(t )).

Note that deg(Pi) ≥ 2 for all i. Let P (t ) be the characteristic polynomial of the Frobenius

at v acting on Av. Then, P1(t )|P (t ). Let α be a root of P1(t ). By construction, α ∈ F . Then

β = Nv
α

= p
α

is another root of P (t ), and β ∈ F . Being a root of P (t ), we have |α| = |β| = √
p.

On the other hand, both are totally real as elements of F , and satisfy the quadratic

polynomial

t2 − (α + β)t + p = t2 − apt + p,

where ap = α + p
α

∈ F is totally real, and satisfies the Hasse–Weil bound

|ap| ≤ 2
√

p.

This implies that the discriminant of the quadratic polynomial satisfies

a2
p − 4p ≤ 0.

Thus, it follows that α, β ∈ F are totally real if and only if

a2
p − 4p = 0,

implying that α = β = ±√
p ∈ F . But, by hypothesis p does not ramify in F and so this is

a contradiction, and that proves the lemma. �

The next result applies to Abelian varieties of odd dimension.

Proposition 2.3. Let A be an Abelian variety of dimension d, with d > 1 and odd. Let

us further assume that A has multiplication by a field F over K such that the identity of

F coincides with the identity element of End0
K (A), and that [F : Q] = d. Let v be a finite

place of K at which Av splits over kv, the residue field of K at v. Then

Av ∼kv
Bn

v
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for a simple Abelian variety Bv over kv. �

Proof. If not, then we can write

Av ∼kv
Bn1

1 × Bn2
2 × · · · × Bnr

r ,

where the Bi are simple nonisogenous Abelian varieties over kv, and r ≥ 2. Let Ai := Bni
i

for i = 1, . . . , r. We have

F ↪→ End0
kv

(Av) � ⊕r
i=1End0

kv
(Ai).

Let di := dim(Ai). Thus, for some i, say i = 1, we have 2d1 < d, because d is odd and

r ≥ 2. Now by Tate’s theorem (1.1), a maximal commutative semisimple subalgebra of

End0
kv

(A1) has dimension 2d1. But, by our assumption on F and Lemma 2.2,

F ↪→ End0
kv

(Ai) (1)

for all i, in particular for i = 1. This contradicts d := [F : Q] > 2d1. �

The next corollary is a bit surprising, and is an immediate consequence of the

proposition above.

Corollary 2.1. Let A, F , K, and v be as in the proposition above. Furthermore, let

d = dim(A) be an odd prime. Let v be a finite place of K such that Av splits over kv. Then

Av ∼kv
E p

v

for an elliptic curve Ev over kv. In particular, the characteristic polynomial of the Frobe-

nius π relative to kv as an endomorphism of Av is the pth power of the characteristic

polynomial of Ev over kv. �

Proof. By Proposition 2.3, Av ∼ Bnv
v . We thus have d = nv dim(Bv). As d is a prime num-

ber and nv > 1, we must have dim(Bv) = 1. �

Similar in spirit to Proposition 2.3, albeit under a slightly stronger assumption,

we have the following result for Abelian varieties of even dimension.
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Proposition 2.4. Let A be an Abelian variety defined over a number field K with

d := dim(A) even. Let F be a totally real number field contained in the algebra of en-

domorphisms of A over K, that is,

F ↪→ End0
K (A),

such that [F : Q] = dim(A) and that 1 ∈ F acts as the identity endomorphism on A. Let

S be the set of places of K at which A has good reduction and for which Av splits over

the corresponding residue field kv of K. Assume that S has positive upper density, say

δ := ud(S). Then, the set of v ∈ S such that

Av ∼kv
Bn

v ,

where Bv is simple over kv and n ≥ 2, also has the same upper density as S. �

Proof. Arguing as in the proof of Proposition 2.3, and using equation (1), we see that if

d is even and r > 1, then r = 2 and

dim(A1) = dim(A2) = d

2
.

This implies that F is a maximal commutative semisimple subalgebra of Mi for i = 1, 2.

Thus, F contains the centeres Fi := Z (Mi) = Z (Di) of Di := Endkv
(Bi). By Tate’s theo-

rem (1.1),

Fi = Q[π ] = Q[t ]/(mini(π , t )),

where π is the Frobenius endomorphism relative to kv, and mini(π , t ) is the minimal

polynomial of π relative to kv acting on Bi, and is a factor of the characteristic polynomial

Pi(t ) of the Frobenius map π . By abuse of notation, let π be a root of mini(π , t ) in any

one of the two Fi. Then, π̄ = qv/π ∈ Fi, where qv is the cardinality of the residue field kv.

But Fi, being a subfield of a totally real field F , is itself totally real. Thus, π̄ = π , and we

get π = ±√
qv. Thus, for all such v in S for which Av is not a power of a simple Abelian

variety, we have

Q(
√

qv) ⊂ F .
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Let S1 be the set places v ∈ S for which qv is not a square. Since F is a number field, S1 is

a finite set. Let S2 be the set of places v of S for which qv is a square. Note that S1 ∪ S2 ⊂ S

has zero density. Thus, for v ∈ SP := S\S1 ∪ S2, we have r = 1 and nv ≥ 2. �

3 Abelian Varieties with Complex Multiplication

The following is the main theorem of this section.

Theorem 3.1. Let A be an absolutely simple Abelian variety of C M type defined over a

number field K such that

End0
K (A) � F .

Then, for a set of places v of K of density 1, the reduction Av is also absolutely simple

over kv, the residue field of K at v. �

We begin with a few results that will prepare us toward a proof of the above

result.

3.1 Background results

We begin by stating the following form of the strong multiplicity one theorem for GL(1).

Theorem 3.2 ([14, Theorem 2.1]). Let θ1 and θ2 be two idèle class characters on K.

Suppose that the set of places v of K for which

θ1,v = θ2,v

is of positive upper density. Here, by θi,v (i = 1, 2) we mean the induced characters of K∗
v

obtained by restriction of θ to K∗
v . Then

θ1 = χθ2

for some Dirichlet character χ of K. In particular, the set of primes at which the local

components of θ1 and θ2 coincide has a density. �
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Proof. This is in a paper by Rajan [14], and is based on an equidistribution result

about Hecke characters. The result for unitary idele class characters (which is

attributed to Hecke) is also found in D. Ramakrishnan’s book [15, Chapter 7, p. 295,

Theorem (7-33)]. �

In our use of this theorem, we need it when the Hecke characters involved are of

type A0 (in the sense of Weil, as described in the proposition below). A proof of Rajan’s

result in this special case appears in [5, p. 95]. We learnt about this in the paper of Rajan

[14] mentioned above, and we reproduce the statement here.

Proposition 3.1. Let K be a Galois extension of Q, and let w be an unramified prime of

degree 1 over Q. Suppose θ is a Hecke character of type A0 (algebraic Hecke character),

and θw = 1. Then θ is of finite order. Here, by θw, we mean the natural restriction of

θ to K∗
w. �

As a corollary of the above, we have the following “strong multiplicity one theo-

rem” for Hecke characters of type A0.

Corollary 3.1. Let θ1 and θ2 be two idèle class characters on a number field K and of

type A0. Suppose that the set of places v of K for which

θ1,v = θ2,v

is of positive upper density. Then

θ1 = χθ2

for some Dirichlet character χ of K. In particular, the set of primes at which the local

components of θ1 and θ2 coincide has a density and an arithmetic meaning. �

Proof. This follows from applying Proposition 3.1 to the idèle class character θ = θ1θ
−1
2 .

The existence of a finite place v of K which is unramified in K and of degree 1 with θv = 1

is guaranteed by the positivity of the upper density. �

We now state the following consequence of the theory of Abelian varieties with

complex multiplication. This computes the H1 L-function of such an Abelian variety.
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Theorem 3.3 (Shimura–Taniyama). Let A be an Abelian variety defined over a number

field K and with CM by a number field F such that

F ↪→ End0
K (A),

with [F : Q] = 2 dim(A) = 2g. Then there exists a unique continuous homomorphism

ψ : JK → (F ⊗Q R)×

that is trivial on K×. (Here, JK denotes the idéles of K.) For each σ ∈ Hom(F , C), let ψσ be

the composite defined by

ψσ : JK
ψ→ (F ⊗Q R)×

σ⊗1→ C×.

Then, each ψσ is trivial on K×, and thus forms an idèle class character (or grossen-

character) of K, and the H1 L-function of A over K is given by

L(H1(A), s) =
∏

σ∈ Hom(F ,C)

L(ψσ , s).

�

Proof. This is the Shimura–Taniyama theory. Our reference for this is an exposition by

Milne [7, Theorems 13.1 and 13.2 on page 28 of his notes]. �

3.2 Proof (complex multiplication case)

Let A be an Abelian variety of CM type defined over C . This means that there exists a

commutative, semisimple subfield F of End0(A) such that [F : Q] = 2 dim(A) = 2g .

If A is defined over C and has CM by a number field F , then it can be shown

that it has a model defined over a number field K (Shimura–Taniyama [23]). Thus, we

will henceforth assume that A is defined over a number field K, and by extending the

field (if necessary), we will further assume that all the endomorphisms of A are defined

over K as well. As A has potential everywhere good reduction, we will also assume

that it has everywhere good reduction over K (by extending K if necessary). From here

onwards until the end of the proof, we will assume that F acts K-rationally, and that A

has everywhere good reduction over K. These assumptions are not essential, but they do

simplify the proof.
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Proof of Theorem 3.1. Let g := dim(A). Writing L(A, s) = L(H1(A), s), we have by

Theorem 3.3 that the L-function of A over K is given by

L(A, s) =
∏

σ∈ Hom(F ,C)

L(ψσ , s).

We will reindex the ψσ ’s by 1 ≤ i ≤ 2g as follows: for 1 ≤ i ≤ g, let ψi := ψσ be the Hecke

characters of K. Here σ varies over a subset of cardinality g consisting of pairwise

nonconjugate elements of Hom(F , C). For 1 + g ≤ i + g ≤ 2g, we let ψi+g := ψi = ψσ = ψσ̄ .

Then the H1 L-function of A can be rewritten as

L(A, s) =
2g∏

i=1

L(ψi, s).

Note that as an equality of characters of JK into C∗,

N = ψiψ̄i = NJK
JQ

,

where N = NJK
JQ

is the norm character of JK . Thus, for a finite place v of K, Nv denotes the

usual norm of v over Q. Note that, if ψ is unramified at v, then we can write

αv,i := ψi(πv),

where πv is a uniformizer of Kv. Here the value of ψi(πv) is independent of the choice of

the uniformizer πv as ψi is unramified at v. By the Shimura–Taniyama theory, the αv,is are

the eigenvalues of the Frobenius at v acting on Tl (A). Let R be the set of finite places v of

K at which some character ψi, 1 ≤ i ≤ g is ramified. Then R is a finite set. Thus, up to a

factor, say ∗, associated with the places v ∈ R, we can write

L(A, s) = ∗
∏
v 
∈R

(
2d∏
i=1

(1 − αv,i

(Nv)s
)−1

)
.
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Furthermore it follows that, the H2 L-function of A is given by

L(H2
l (A), s) =

∏
i< j

L(ψiψ j, s)

=
∏

i< j 
=i+g

L(ψiψ j, s) ·
⎛
⎝ ∏

1≤i≤g

L(ψiψi+g, s)

⎞
⎠

=
∏

i< j 
=i+g

L(ψiψ j, s) ·
⎛
⎝ ∏

1≤i≤g

L(NJK
JQ

, s)

⎞
⎠

In the above equation, each factor L(NJK
JQ

, s) = ζ (s − 1) contributes a simple pole

at s = 2. By Theorem 5 of Pohlmann [12, p. 177] which verifies a conjecture of Tate [24],

the order of pole at s = 2 of the H2 L-function equals the Picard number of A. It is well

known that the Picard number of A over K equals g, and thus the order of pole at s = 2

equals g. Since L(ψiψ j, s) does not vanish at s = 2, this then forces the holomorphy of

L(ψiψ j+g, s) at s = 2, whenever i 
= j, 1 ≤ i, j ≤ g.

Let us now assume that the set of places v of K for which Av splits over kv has

positive upper density. Under this assumption, we aim for a contradiction.

Let v be a place of K at which Av is not simple. By Lemma 2.1,

Av ∼ Br
v

for a simple Abelian variety Bv with r = r(v) ≥ 2. This implies that the characteristic

polynomial of the Frobenius at v is strictly a power of the characteristic polynomial of

the Frobenius acting on the l-adic Tate-module of Bv. The roots of these polynomials are

precisely the αv,i and their conjugates αv,i+g for i = 1 to g. But as a set these are precisely

the eigenvalues of the Frobenius acting on Tl (Bv). We thus conclude that

αv,i = αv, j,

for some 1 ≤ i < j ≤ g. Here the i and j depend on v. By our assumption that Av is not

simple for a positive upper density of places v of K, it follows that there exists at least

one fixed pair {i0, j0} with 1 ≤ i0 < j0 ≤ g and such that for a positive density of places of

v of K

αv,i0 = αv, j0 .
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But, by Theorem 3.2 (or by Corollary 3.1) applied to the Hecke characters ψi0 and ψ j0 , it

follows that

ψi0 = χψ j0 ,

for some Dirichlet character χ (that is, a Hecke character of finite order of K. Here, by

class field theory, χ may also be considered as a character of Gal(Q/K). Let L be the cyclic

extension of K cut out by χ . Thus, χ becomes trivial as a Hecke character of JL , and we

have

ψi0 = ψ j0 ,

where ψi0 and ψ j0 are to be considered as characters of JL , by extension to JL from JK , by

the NJL
JK

(relative norm) map. This is a nonissue because the H1 L-function of the Abelian

variety A over K, when considered over the extension field L, also changes by the norm

map NJL
JK

, under the base change from K to L. Note also that the splitting property of

A is preserved under the extension from K to L under base change from K to L. Thus,

the factor L(ψi0ψ j0 , s) where i0 
= j0, contributes an extra pole to L(H2
l (A), s) at s = 2. This

contradicts the fact that L(H2
l (A), s) has a pole of exact order g at s = 2, and that proves

the theorem. �

4 Abelian Varieties Attached to Modular Forms of Weight 2

The next theorem is for Abelian varieties attached to newforms of weight 2 for congruence

subgroups of  := SL(2, Z).

Theorem 4.1. Let f be a newform of weight 2 and level N with nebentypus character 1.

Let Af/Q (defined up to isogeny over Q) be the Abelian variety attached to f by Shimura.

Suppose that Af is absolutely simple. Let S be the set of primes p at which Ãf , the

reduction of Af modulo p, is split over Fp. If S has positive density, then End0
Q

(Af ) is

noncommutative. �

We begin with some standard notations, definitions and a few well-known

results.
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4.1 Definitions and background results

Let N be a positive integer. Let

1(N) :=
{

g ∈  : g ≡
(

1 ∗
0 1

)
mod N

}
.

Let f be a cusp form of weight 2 for 1(N) with character ε. Write

f (z) =
∞∑

n=1

a f (n)e2πinz

for the Fourier expansion at i∞. We assume that f is a normalized newform, and in

particular, a f (1) = 1. For such an f , it can be shown that a f (n) is an algebraic number

for all n. Here, for (n, N) = 1, an( f ) is the eigenvalue of the Hecke operator Tn. Since the

Tn are unitary operators with respect to the Peterson scalar product, it follows that, the

a f (n) are totally real if ε = 1. Let K f be the field generated by the an( f ) for all n. It is

a fact that K f is a number field. Let � := Hom(K f , C). By the work of Shimura [22], to

such an f , one associates an Abelian variety, say Af , defined (up to isogeny) over Q, as a

quotient of J := J1(N), having the following properties.

(1) Af is defined over Q and dim(Af ) = [K f : Q].

(2) K f ↪→ End(Af ) ⊗Z Q.

(3) L(Af , s) = L(H1
� (Af ), s) = ∏

σ∈� L( fσ , s).

Thus, for f as above, we can write

L(Af , s) = (∗)
∏
σ

∏
p�N

(1 − a f (p)σ p−s + εσ (p)p1−2s),

where σ ranges over the embeddings of K f into C and (∗) consists of a finite product of

Euler factors at primes p | N.

4.2 Twists and inner twists

Let f be a newform of level N as above and let χ be a (primitive) Dirichlet character of

conductor r. Then, there is a unique newform g = ∑
n≥1 bnqn that satisfies the relation

bp = a f (p)χ (p), for almost all p,
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that is, for all but finitely many primes p. This implies bn = a f (n)χ (n), for (n, r) = 1. In

this case, we say that g is a twist of f by χ . If ε f and εg are respectively the nebentypus

characters of f and g, then it follows that

εg = ε f · χ2.

When a given modular form f is a twist of a conjugate of f , say fσ = σ ( f ) := ∑
n σ (an)qn

for some σ ∈ Aut(C), we say that fσ is an inner twist of f . Thus, if f is a modular form

that is an inner twist of itself, then there is a Dirichlet character χ 
= 1 such that

a f (p) = χ (p)a f (p), for almost all primes p,

and such a modular form f is said to have complex multiplication. It is a fact that

if a newform f has complex multiplication, then the corresponding Af is of complex

multiplication type (or has complex multiplication). Since we have discussed Abelian

varieties of CM type in the previous section, we will exclude such newforms f in this

section. Thus, in what follows, we shall assume that f is a newform without complex

multiplication.

As σ varies over Aut(C), we consider those fσ that are inner twists of f . Following

Momose [8] and Ribet [16], one defines the twisting group  f as the subset of σ ∈ �, so

that

σ (a f (p)) = χσ (p)a f (p), for almost all p

for some Dirichlet character χσ that depends on σ . Since f does not have CM, χσ is

uniquely determined by σ ∈  f . This makes the notation χσ unambiguous. It then follows

from [16, Propositions 3.1, 3.2, and 3.3] that  f is an Abelian subgroup of Aut(K f ). Let

F f := K
 f

f be the fixed field of K f under  f . Then, we have the following proposition of

Ribet [16, Proposition 3.9 and Theorem 3.9 bis of]) that is important for us.

Proposition 4.1. Let f be a newform with trivial nebentypus character. Suppose that

the level N is square-free. Then,  f = {1}. �

We now quote one of the main consequences of the work of Momose [8] and Ribet

[16]. Theorem 4.2 describes the endomorphism algebra of Af , when f does not have CM.
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Theorem 4.2 (Momose–Ribet). Let f be a newform of level N and nebentypus ε f and

without CM. Let Af , K f , F f , and  f be as defined above. Let γ := [K f : F f ] = | f |. Let

E f := End0
Q

(Af ). Then

(1) E f is central simple algebra over F f and [E f : FF ] = γ 2;

(2) K f is a maximal commutative semisimple subalgebra of E f ;

(3) [E f : Q] = [K f : F f ][K f : Q] = γ 2[F f : Q]. �

Proof. The above theorem is essentially a suitable restatement of Theorem 5.1 on

page 56 of [16] in our notation. The result also follows from Theorem 3.1 on page 102

of [8]. �

Remark. Though we do not need it for our purposes, we note for completeness that

the work of Momose and Ribet gives the following additional information about the

endomorphism algebra.

(1) The algebra E f is either a matrix algebra over F f or else a matrix algebra

over a quaternion division algebra with center F f . This is part of Remark 5.8

on page 59 of [16] and also Theorem 1 on page 264 of [17].

(2) E f is unramified at the Archimedean places v of F f . This follows from Theo-

rem 3.1(2) on page 102 of [8].

(3) E f is unramified at all places v of F f at which Af has ordinary reduction.

This is the content of Theorem (6) on page 274 of [17]. �

As a consequence of the above theorem, we have the following corollary.

Corollary 4.1. Let f be as above. Suppose that  f , the twisting group attached to f , is

nontrivial. Then, End0
Q

(Af ) is noncommutative. �

We also have the following corollary.

Corollary 4.2. Let f be a newform with trivial nebentypus and square-free level N.

Then, Af defined over Q is absolutely simple with

E f := End0
Q

(Af ) = K f ,

the coefficient field of f . �
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Proof. This follows from the above theorem with the earlier fact that  f = {1}, when

the level N is square-free. �

4.3 Proof of the theorem for Af

Proof of Theorem 4.1. It is a fact that Af has good reduction outside primes dividing N.

Let Ãf/Fp be the reduction of Af at a prime p � N. Then the L-function of Ãf is given by

L(Ãf/Fp, t ) :=
∏
σ

(t − πσ
p )(t − πσ

p )

=
∏
σ

(t2 − a f (p)σ t + p),

where the product is over the embeddings σ ∈ � := Hom(K f , C). Note that � = Hom(K f , R)

as K f is a totally real field. Thus,

a f (p)σ = πσ
p + πσ

p (2)

and

πσ
pπσ

p = p.

Further more, it is a fact that L(Ãf , t ) equals the monic characteristic polynomial of the

Frobenius endomorphism Ãf/Fp relative to Fp. This is a consequence of Shimura theory,

and is inherent in the preliminary results stated at the beginning of Section 4.1.

Note that, since K f is a number field, only finitely many primes p (as a function

of the level N), ramify in K f . In particular, for a large enough p,
√

p does not lie in K f ,

and so πσ
p 
= πσ

p for all σ ∈ Aut(C/Q). Now by Proposition 2.2, it follows that if Ãf splits

over Fp, then the characteristic polynomial of the Frobenius of Ãf/Fp has repeated roots.

This then implies that at least two different factors of
∏

σ (t − πσ
p )(t − πσ

p ) coincide. In

other words, for some pair

σ1 
= σ2, σ1, σ2 ∈ �,

we have

πσ1
p = πσ2

p or π
σ2
p . (3)



22 V. K. Murty and V. M. Patankar

By equation (2), we get

a f (p)σ1 = a f (p)σ2 . (4)

Furthermore, viewing σ1 and σ2 as automorphisms of C, and setting σ := σ2σ
−1
1 ∈

Aut(C/Q), we deduce that

a f (p) = a f (p)σ . (5)

Now, if Af splits over Fp at a set of primes p of positive upper density, then there exists

a pair (σ1, σ2) such that the above relation (4) holds for a set of primes of positive upper

density. Thus, for σ = σ2σ
−1, the above relation (5) holds for a set of primes of positive

upper density.

We now claim that there exists a Dirichlet character χ of Q such that

a f (p)σ1 = a f (p)σ2χ (p), for almost all p.

Indeed, this is a direct application of Corollary 1 of [13] applied to the two modular

forms fσ1 and fσ2 . (For easy reference, we restate this Corollary 1 of Rajan [13] as the

Proposition 4.2 below.)

Remark. The above claim may also be proved using results of Ribet in [16] and Momose

[8] about the image of �-adic Galois representations attached to modular forms. �

Thus, according to the definition of the twisting group  f ,

σ = σ2σ
−1
1 
= 1 ∈  f .

By Corollary 4.1, this implies that End0
Q

(Af ) is noncommutative and that completes the

proof. �

Proposition 4.2 (Corollary 1 of Rajan [13]). Let fi be two newforms of levels Ni, weights

ki, and nebentypus characters εi for i = 1, 2. Also assume that f1 is a non-CM (complex

multiplication) cusp form of weight k1 ≥ 2. Suppose that the set {p | ap( f1) = ap( f2)}
has positive upper density. Then there exists a Dirichlet character χ of Q such that

f2 ∼ f1 ⊗ χ , i.e. f2 is a twist of f1 by χ . �
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As a consequence, we have the following theorem.

Theorem 4.3. Let f be a newform of weight 2, level N, and with nebentypus character

1. Suppose that N is square-free. Then

End0
Q

(Af ) � K f ,

and Af remains absolutely simple for a set of primes of density 1. �

Proof. The first conclusion is part of Theorem (6.2) of Ribet [16] and is separated out

in the Corollary 4.2. In particular, the endomorphism algebra is a commutative field.

Suppose that Af splits modulo a positive upper density of primes p. Then, Theorem 4.1

implies that the endomorphism algebra is noncommutative. This contradiction proves

the theorem. �

Remark . The above theorem is true whenever the endomorphism algebra of Af is

commutative. �

5 Conjecture

The results of the previous sections point to the following general conjectural resolution

of the splitting problem.

Conjecture 5.1. Let A be an absolutely simple Abelian variety over a number field K. Let

S be the set of places v of K of good reduction for A such that Av := Amod v splits (up

to isogeny) over kv, the residue field of K at v. Then S has positive density if and only if

EndK̄ (A) is noncommutative. �

This conjecture predicts that, if A is an absolutely simple Abelian variety over a

number field K such that End0
K (A) = End0

K (A) is commutative, then A remains absolutely

simple at a set of places v of K of density 1.

Remark . It is likely that one may need to refine the conjecture by weakening the

condition to let the splitting occur over some finite extension (depending on v) of the

residue field kv rather than over kv itself. This is being studied further in a work in

progress. �
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In the remainder of this section, we indicate a few results that support this con-

jecture. Let T� be a free 2g-dimensional Z� module and let e� be an alternating form on T�

with nonzero discriminant. The group GSp(T�, e�) � Gsp(2g, Z�) of symplectic similitudes

is the set of automorphisms σ of T� with the property that for any pair of elements

v, w ∈ T�, we have

e�(σv, σw) = ν(σ )e�(v, w)

for some ν(σ ) ∈ Z×
� . Let A be a polarized Abelian variety defined over K. The polarization

induces an alternating form e� (say) on the Tate module T�(A) with nonzero discriminant.

The action of Gal(K/K) on T�(A) thus gives a homomorphism

ρl : Gal(K/K) → GSp(2g, Z�). (6)

An important result of Serre gives conditions under which the above map is surjective.

Theorem 5.1 (Theorem 3 of [18]). Let A be an Abelian variety over a number field K with

EndK (A) = Z

and dim(A) = 2, 6 or odd. Then for all primes �, the image of ρl as in equation (6) is open

in GSp(2g, Z�) and for a sufficiently large prime �, the image is equal to GSp(2g, Z�). �

Chavdarov [3, Corollary 6.10] uses this to prove the following result.

Proposition 5.1. Let A be an Abelian variety over a number field K satisfying the fol-

lowing two conditions:

(1) End0
K (A) = Q;

(2) The dimension g of A is either 2, 6, or an odd integer.

Then, for a set of places v of K of density 1, the reduction of A at v is absolutely

simple. �

There is also the following related result of Chai and Oort [4].

Proposition 5.2 (Chai-Oort, [4, Proposition 4 and Remarks 5(iv)]). Let A be an Abelian

variety of dimension g over a number field K. Suppose that for a prime �, the image of
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the �-adic Galois representation ρ� as in equation (6) is equal to GSp(2g, Zl ). Then there

exist finite places v of K such that the reduction Av of A at v is absolutely simple and

the set of such places has a positive density. �

The following result is well known.

Proposition 5.3. Let A be a simple ordinary Abelian variety over a finite field k. Then

End0
k(A) is commutative. �

Proof. This is relatively easy and follows from Tate’s description of invariants of the en-

domorphism algebra of an Abelian variety defined over a finite field as in the Proposition

7.1 of [26]. �

The next result is about Abelian varieties with noncommutative endomorphism

algebras.

Proposition 5.4. Let A be an absolutely simple Abelian variety over a number field K.

Let D := End0
K (A) = End0

K̄ (A) be a noncommutative division algebra over Q. Let S denote

the set of places v of K such that Av is ordinary over kv. If v ∈ S is a place of good

reduction for A, then Av is not simple over kv. In fact, there exists an Abelian variety Bv

defined over kv and an inclusion B2
v ↪→ Av. In particular, if S has positive density then it

follows that Av splits at all places v ∈ S. �

Proof. We know that

D ↪→ End0
k(Av).

In particular, End0
k(Av) is noncommutative. But by Proposition 5.3, the endomorphism

algebra of a simple ordinary Abelian variety over a finite field is commutative. This

is a contradiction. Thus, it follows that Av cannot remain simple over kv if v is place

of ordinary reduction for A. Thus Av (up to isogeny) is a unique product of smaller

dimensional ordinary Abelian varieties. If there is no repeated factor in this product,

then we would get an injection of D into a commutative algebra and that would be a

contradiction. �

Remark. There is a belief, which says the following: Let A be an Abelian variety defined

over a number field K. Then, for some finite extension L of K, the set of places v of L
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such that A (considered over L) has ordinary reduction at v has positive density. Serre

makes such a statement in the dim(A) = 2 case, and states [20, lines 12–17, p. 14], that

naively speaking, one would have the tendency to think that the set of ordinary places

should occur with density 1 (over a sufficiently large extension). Furthermore, in Note

14.8 [19, p. 637], Serre mentions Corollary 2.9 of Ogus [11, p. 372] where the above belief

is proved for dim(A) = 2. �

In fact, a more precise form of this belief says that there exists a finite extension

L of K so that the set of places w of L for which A has ordinary reduction at w, has

density 1.

Assuming that this is true, Proposition 5.4 implies that an absolutely simple

Abelian variety with noncommutative endomorphism algebra splits at a set of places of

positive density, as predicted by our Conjecture 5.1.
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